Plane Poiseuille flow of a sedimenting suspension of Brownian hard-sphere particles: Hydrodynamic stability and direct numerical simulations Phys. Fluids 18, 054103 (2006) We study hydrodynamic interactions of spherical particles in incident Poiseuille flow in a channel with infinite planar walls. The particles are suspended in a Newtonian fluid, and creeping-flow conditions are assumed. Numerical results, obtained using our highly accurate Cartesian-representation algorithm ͓Physica A 356, 294 ͑2005͔͒ are presented for a single sphere, two spheres, and arrays of many spheres. We consider the motion of freely suspended particles as well as the forces and torques acting on particles adsorbed at a wall. We find that the pair hydrodynamic interactions in this wall-bounded system have a complex dependence on the lateral interparticle distance due to the combined effects of the dissipation in the gap between the particle surfaces and the backflow associated with the presence of the walls. For immobile particle pairs we have examined the crossover between several far-field asymptotic regimes corresponding to different relations between the particle separation and the distances of the particles from the walls. We have also shown that the cumulative effect of the far-field flow substantially influences the force distribution in arrays of immobile spheres, and it affects trajectories of suspended particles. Therefore, the far-field contributions should be included in any reliable algorithm for evaluating many-particle hydrodynamic interactions in the parallel-wall geometry.
I. INTRODUCTION
In his pioneering work ͑more than 80 years ago͒ Faxén 1 considered motion of a spherical particle suspended in a fluid confined by two parallel walls. A recent, considerable interest in particle motion in confined geometries has been stimulated by development of new experimental techniques [2] [3] [4] [5] [6] [7] and by emerging applications, such as the microfluidic devices 8 and technologies for production of microstructured materials by a self-assembly process. 9, 10 Hydrodynamic interactions of particles in wall presence are also important in biological systems ͑e.g., blood microcirculation͒, and a number of recent papers have addressed this problem. [11] [12] [13] [14] [15] [16] A number of fundamental experimental and numerical studies on particle dynamics in channels with parallel planar walls for suspensions of Brownian [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] and non-Brownian 15, [27] [28] [29] [30] [31] [32] [33] particles have been published. Some of these studies focused on quasi-two-dimensional phenomena, [18] [19] [20] 22, 23, 25 and some on bulk properties, such as particle migration in the pressure-driven 27, 28, 31, 33 or shear 32 flow. Quantitative numerical studies of wall-bounded suspensions require efficient methods for evaluation of multiparticle hydrodynamic interactions in such systems. Some interesting numerical results were obtained with the help of the wallsuperposition approximation 19, 20 or by modeling the walls as arrays of immobile spheres. 27, 28, [31] [32] [33] These approaches seem sufficient for describing certain qualitative features of wallbounded suspensions ͑e.g., in Stokesian-dynamic simulations of hydrodynamic particle diffusion͒, but the accuracy of such approximations is often unknown.
Better approximations are especially needed for strongly confined systems, i.e., systems where the wall separation is comparable to the size of the suspended particles. Modeling walls as collections of immobile spheres may be inadequate for such systems because of the roughness and permeability of the model walls. The superposition approximation may also be insufficient, because it misses certain important phenomena. For example, it reproduces neither the large transverse resistance coefficient of rigid arrays of spheres 34 nor the enhanced relative transverse particle motion, observed by Cui et al. 25 and independently predicted by our recent analysis. 35 To overcome these difficulties, we have developed an accurate Cartesian-representation method for evaluation of multiparticle hydrodynamic interactions in wall-bounded suspensions of spheres. 34 ͑A related approach was also independently proposed by Jones. 36 ͒ Our method relies on expanding the flow in a wall-bounded system using two basis sets of Stokes flows. The spherical basis set of multipolar flows is used to describe the interaction of the fluid with the particles, and the Cartesian basis set is used to account for the presence of the walls. In our previous studies, the Cartesian-representation method was applied to determine the resistance functions for systems of spheres in quiescent fluid. 34, 35, 37 In the present paper we extend these results to suspensions in a pressuredriven external flow. We note that the one-particle motion in such a system was investigated by Jones 36 and Staben et al.
but, to our knowledge, no accurate multiparticle results have been reported so far. This paper is organized as follows. In Sec. II the system is defined, and in Sec. III the Cartesian-representation method is summarized. Our numerical results for singleparticle, two-particle, and multiparticle systems are described in Sec. IV. Conclusions are presented in Sec. V.
II. PARTICLES IN PARABOLIC FLOW
We consider a suspension of N spherical particles of diameter d =2a in creeping flow between two parallel planar walls. The no-slip boundary conditions are satisfied on the walls and the particle surfaces. The walls are in the planes z = 0 and z = H, where H denotes the wall separation, and ͑x , y , z͒ are the Cartesian coordinates. The position of the center of particle i ͑where i =1, ... ,N͒ is denoted by R i , and its translational and rotational velocities are U i and ⍀ i , respectively. The external forces and torques acting on particle i are denoted by F i and T i .
In this paper we focus on particle motion in an imposed parabolic flow of the form
͑1͒
where U p is the flow amplitude, and ê x is the unit vector along the x coordinate. The forces and torques on immobile particles with
can be represented by the resistance formula
͑3͒
Similarly, the velocities of freely suspended particles with
can be represented by the mobility formula
͑5͒
In our considerations we assume that the applied flow ͑1͒ is in the x direction. Thus, the resistance coefficients i tp and i rp and the mobility coefficients i tp and i rp are vectors. For the external parabolic flow applied in an arbitrary lateral direction, the corresponding resistance and mobility coefficients have a tensorial character.
Condition ͑4͒ can be obtained by applying to immobile particles the forces and torques opposite to those given by equation ͑3͒. Thus, the resistance and mobility coefficients and satisfy the following relation:
͑6͒
where ij AB ͑A , B =t,r͒ are the translational and rotational components of the usual mobility matrix 39 for a system of particles in quiescent fluid between the walls. The manyparticle translational-rotational mobility matrix ij AB is the inverse of the corresponding multiparticle resistance matrix ij AB , i.e.,
where Î is the identity tensor. In our recent publications 34, 35, 37 we have introduced a formalism that allows us to efficiently evaluate the translational-rotational mobility matrix for a system of spherical particles confined between two parallel walls. In the present paper our method is used to evaluate the friction and mobility matrices i Ap and i Ap ͑A =t,r͒ associated with the Poiseuille flow between the walls.
III. CARTESIAN AND HELE-SHAW REPRESENTATION METHODS
In this section we summarize the key elements of our Cartesian-representation method for evaluating the hydrodynamic friction and mobility matrices in a suspension confined between two parallel walls. We also outline our asymptotic results, which rely on expansion of the far-field flow into a Hele-Shaw basis. The asymptotic results apply for sufficiently large interparticle separations.
A detailed description of our technique is presented in Ref. 34 and in Ref. 37 . The Hele-Shaw basis and its relation to the spherical basis 40 used in our analysis 34 is summarized in Appendices A and B.
A. Induced-force formulation
In our approach, the effect of the suspended particles on the surrounding fluid is represented in terms of the inducedforce distributions on the particle surfaces
͑8͒
where
and r i = ͉r i ͉. By definition of the induced force, the flow field
is identical to the velocity field in the presence of the particles. [41] [42] [43] Here
is Green's function for the Stokes flow in the wall-bounded system, T 0 ͑r͒ is the Oseen tensor ͑free-space Green's function͒, and TЈ͑r , rЈ͒ describes the flow reflected from the walls. For a system of particles moving with the translational and angular velocities U i and ⍀ i in the external flow v ext , the induced-force distribution ͑8͒ can be obtained from the boundary-integral equation of the form
where the rigid-body velocity field
and the external flow field v ext ͑r͒ are evaluated on the surface S i of particle i. In the boundary-integral equation ͑12͒, Z i denotes the one-particle scattering operator, which is defined by the relation
where v i in is the velocity incident to particle i. For specific particle models, explicit expressions for the operator Z i are known. 40, 44, 45 The force and torque acting on particle i can be evaluated from the induced-force distribution using the integrals
͑15͒
The friction matrix ͑3͒ can be computed by solving the boundary equation ͑12͒ with the external flow v ext in the form ͑1͒ and no rigid-body motion, v i rb = 0. Similarly, the translational-rotational friction matrix is obtained by solving ͑12͒ with a nonzero rigid-body motion ͑13͒ and no external flow, v ext =0.
B. Multipolar expansion
In our approach, the boundary-integral equation ͑12͒ is solved after transforming it into a linear matrix equation. The transformation is achieved by projecting ͑12͒ onto a spherical basis of Stokes flows. We use here the multipolar representation introduced by Cichocki et al., 40 but we apply a different normalization to emphasize full symmetry of the problem. 34, 35 Accordingly, the induced-force distributions at the surfaces of particles i =1...N are expanded using the basis set of multipolar force distributions w lm + ͑r i ͒. Similarly, the flows incoming to each particle are expanded into the nonsingular basis set of Stokes flows v lm + ͑r i ͒. Here l and m are the angular and azimuthal spherical-harmonics orders, and =0,1,2 characterizes the type of the flow. Explicit definitions of the basis sets w lm In order to obtain the multipolar representation of the boundary-integral equation ͑12͒, we apply the multipolar expansion
to the induced-force density ͑8͒. The external flow relative to the particle motion is similarly expanded,
Inserting these expansions into Eq. ͑12͒ yields a linear equation of the form
where the matrix M can be decomposed as
Ј͑lm͉lЈmЈЈ͒.
͑19͒
The first term on the right-hand side of the above expression corresponds to the single-particle scattering operator Z i −1 in equation ͑12͒; the second one to the integral operator with the kernel T 0 , and the third one to the integral operator with the kernel TЈ. Explicit expressions for the first two terms were derived by Felderhof and his collaborators 40, 44, 46 some time ago. Quadrature relations 34, 35 and asymptotic formulas 37 for the wall contribution G ij Ј were recently derived by our group ͑as discussed in Sec. III D below͒.
C. Friction and mobility of spheres in parabolic flow
In order to evaluate the resistance tensors i tp and i rp for immobile particles in Poiseuille flow, Eq. ͑18͒ is solved with the right-hand side corresponding to the velocity field ͑1͒. The resulting induced-force multipolar distributions ͑16͒ are projected onto the total force and torque using expressions ͑15͒. The solution can be conveniently expressed in terms of the grand friction matrix
which is inverse to the grand mobility matrix M with the elements given by Eq. ͑19͒. As shown in, 34 the translational-rotational friction matrix ij AB ͑A , B =t,r͒ is given by the relation
͑21͒
Here F ij ͑lm ͉ lЈmЈЈ͒ are the elements of the grand friction matrix ͑20͒, and X͑A ͉ lm͒ = X * ͑lm ͉ A͒ are the elements of projection matrices onto the subspace of translational ͑l =1, =0͒ and rotational ͑l =1, =1͒ rigid-body motions. Explicit expressions for these matrices are listed in Appendix B of Ref. 34 .
The resistance coefficients Ap ͑A =t,r͒ are given by a relation analogous to ͑21͒,
where Y j ͑lЈmЈЈ ͉ p͒ are the elements of the matrix representing the orthogonal projection onto the subspace of pressure-driven flows ͑1͒. Relation ͑22͒ and explicit expressions for the matrix Y j ͑lЈmЈЈ ͉ p͒ are derived in Appendix C. We note that, unlike Eq. ͑21͒, relation ͑22͒ involves summation over the particles. This summation is needed because the external parabolic flow ͑1͒ is applied to all particles in the system.
D. Cartesian representation
To determine the resistance coefficients ͑21͒ and ͑22͒, the matrix ͑19͒ in the force-multipole equation ͑18͒ has to be first evaluated. Explicit expressions for the single-particle scattering matrix Z i −1 and the free-space contribution G ij 0 are known. 40, 46 To evaluate the wall contribution G ij Ј to the matrix ͑19͒ we employ our recently developed Cartesianrepresentation method. 34 For sufficiently large interparticle separations appropriate asymptotic expressions 37 can also be used.
As explained in Refs. 34 and 35, the Cartesianrepresentation method relies on transformations between the spherical basis sets of Stokes flows v lm ± and the Cartesian basis sets v k ± ͑where k is a lateral wave vector͒. According to the discussion in Sec. III C, the multipolar spherical sets v lm ± correspond to an expansion of the velocity field into spherical harmonics. Due to symmetry, the matrix Z i , describing interaction of the flow field with a spherical particle, is thus diagonal in the spherical-harmonics orders l and m. The Cartesian basis sets correspond to an expansion of the velocity field into lateral Fourier modes. In the Cartesian representation the matrix Z w that describes interaction of the flow with a wall is diagonal in the wave vector k. This diagonal structure of the scattering matrices Z i and Z w yields a significant simplification of the problem.
To express our results in a compact form, we introduce a matrix notation in the three-dimensional linear space with the components corresponding to the indices =0,1,2 that identify the tensorial character of the basis flow fields v lm ± . In this notation, a column vector with components a͑͒ is denoted by a, and a matrix with elements A͑ ͉ Ј͒ is denoted by A. Accordingly, the column vectors associated with the coefficients f i ͑lm͒ and c i ͑lm͒ are represented by f i ͑lm͒ and c i ͑lm͒, and the two-wall Green's matrix with the elements G ij Ј͑lm ͉ lЈmЈЈ͒ is represented by G ij Ј͑lm͉ lЈmЈ͒. We will also use 3 ϫ 6, 6 ϫ 6 and 6 ϫ 3 matrices composed of 3 ϫ 3 blocks, as indicated below. Our result for the wall Green's matrix G ij Ј can be expressed in terms of the following Fourier integral:
where ij = X ij ê x + Y ij ê y is the projection of the vector R ij = R i − R j onto the x-y plane, and k = k x ê x + k y ê y is the corresponding two-dimensional wave vector. The matrix ⌿ in the above expression depends on the wall separation H and the vertical coordinates Z i and Z j of the points i and j ͑measured with respect to the position of the lower wall͒. This matrix is a product of several simple matrices,
where is the fluid viscosity.
The component matrices
describe the transformations between the spherical ͑S͒ and Cartesian ͑C͒ basis fields. The superscripts Ϯ refer to the singular ͑Ϫ͒ and nonsingular ͑ϩ͒ basis fields for the spherical basis, and the fields that exponentially grow ͑ϩ͒ or decay ͑Ϫ͒ in the vertical direction z for the Cartesian basis. The matrices ͑25͒ consist of two 3 ϫ 3 blocks corresponding to the lower and the upper wall, respectively. Next, the matrices
correspond to the propagation of the Cartesian flow-field components between the point s = i , j and the lower ͑L͒ and upper ͑U͒ walls. Here Z Ls =−Z s and Z Us = H − Z s are the relative vertical coordinates of the point s with respect to the walls. Finally, the matrix
describes scattering of the Cartesian flow components from the walls. The 3 ϫ 3 matrices Z w represent scattering of the flow from a single wall, and the matrices S C ++ ͑−kH͒ and S C −− ͑kH͒ show the propagation of the flow field between the walls during the multiple-reflection process. The structure of expressions ͑23͒-͑27͒ is schematically represented in Fig. 1 . The explicit expressions for the component matrices ͑24͒-͑27͒ are listed in Appendix D.
We note that due to symmetries of the transformation and displacement matrices and the symmetry 
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of the two-wall scattering matrix, the Lorentz symmetry of the two-wall Green's matrix ͑23͒ is explicit.
E. Far-field asymptotic form
The exact Cartesian representation ͑23͒-͑27͒ of the wall contribution to Green's matrix G ij Ј involves a twodimensional Fourier integral, which has to be evaluated numerically. However, for sufficiently large interparticle separations the calculation can be greatly simplified by using the far-field asymptotic expressions derived in Ref. 37 . Below we summarize this result.
The derivation of the asymptotic expressions for Green's matrix
relies on the observation that for large lateral interparticle distances, 12 ӷ H, the disturbance flow scattered from the particles assumes the Hele-Shaw ͑i.e., lubrication͒ form. Accordingly, the far-field disturbance flow v as is driven by a two-dimensional harmonic pressure field p as ,
The pressure p as is independent of the vertical variable z and satisfies the two-dimensional Laplace equation
where = ͑x , y͒ is the lateral position with respect to the particle, and ١ ʈ is the two-dimensional gradient operator with respect to the lateral coordinates. The result ͑30͒ can be obtained using a lubrication expansion of the Stokes equations in the small parameter H / ͑where = ͉͉͒.
To obtain the asymptotic expression for Green's matrix G ij we use the results listed in Appendices A and B. Accordingly, the asymptotic flow produced by a force multipole ͑B3͒ centered at the position of particle j is expressed in terms of the Hele-Shaw basis ͑A1͒ using relation ͑B2͒. The resulting Hele-Shaw multipolar flow is translated to the position of particle i using the displacement formula ͑A3͒. Finally the Hele-Shaw field is transformed back into the spherical basis using relation ͑B1͒. The above procedure 37 yields a compact expression of the form
where the component matrices C and S cyl +− are given by Eqs. ͑A4͒ and ͑B4͒-͑B7͒. As explained in Ref. 37 , the correction
to the asymptotic result ͑32͒ decays exponentially with the lateral interparticle distance ij on the lengthscale H. Typically, the asymptotic approximation G ij Ϸ G ij as yields accurate results for ij / H տ 2.
F. Numerical implementation
In order to determine the resistance matrices ͑21͒ and ͑22͒, the induced-force-multipole equation ͑18͒ is solved with the matrix ͑19͒ evaluated using known results 40, 46 for Z i −1 and G ij 0 , and our Cartesian representation ͑23͒ for G ij Ј.
For sufficiently large interparticle distances a simpler relation ͑32͒ may be be used instead. After the friction matrices have been obtained, the mobility matrix ͑5͒ can be calculated from expressions ͑6͒ and ͑7͒.
To accelerate numerical convergence of the Fourier integral in ͑23͒ ͑especially, when both particles i and j are close to a single wall͒, the integrand ͑24͒ is decomposed into two single-wall contributions ⌿ L and ⌿ U and the correction term ⌿͑k͒ = ⌿ L ͑k͒ + ⌿ U ͑k͒ + ␦⌿͑k͒.
͑34͒
As shown in Ref. 34 , the correction term ␦⌿͑k͒ is much easier to integrate numerically than the original highly oscillatory integrand ⌿͑k͒, and the single wall contributions can be integrated analytically. 47, 48 In our implementation the function ␦⌿͑k͒ is integrated using the standard ten-point Gauss-integration quadrature on two or three subintervals. As in other numerical algorithms based on a multipolar expansion of Stokes flow 47, 49 the force-multipole equation ͑18͒ is truncated at a given multipolar order l = l max before it is solved numerically. To accelerate the convergence of the approximation with l max we employ the standard lubrication correction 50 on the friction-matrix level. We closely follow the implementation of the method described in Ref. 47 ͑for a of the two-particle superposition contribution in free space ij sup,2 , the single-particle/single-wall superposition contribution ij sup,w , and the remainder ⌬ ij . The superposition contributions ij sup,2 and ij sup,w are determined very accurately using the power-series expansions of the friction matrix in the inverse interparticle separation and the inverse distance between the particle and wall, respectively. The remainder ⌬ ij , evaluated as a difference between the multipolar expansion of the full friction matrix and the superposition contributions, converges with l max much faster than the full friction matrix ij itself.
In the present implementation of our method, the linear equation ͑18͒ is solved by matrix inversion. Thus, the numerical cost of the calculation scales as O͑N 3 ͒ with the number of particles N. Numerical cost of this order is typical of unaccelerated Stokesian-dynamics algorithms. We note, however, that iterative solution methods as well as the particle-mesh or fast-multipole acceleration techniques 51 can naturally be used in our Cartesian-representation algorithm.
Moreover, using an appropriate basis change, the asymptotic Green's matrix ͑32͒ can be reduced to a sparse matrix, in which the only nonzero components are S cyl +− . Implementation of this transformation in conjunction with an FIG. 2. Normalized linear and angular velocities of two spheres of diameter d =2a in imposed parabolic flow ͑1͒, vs particle lateral distance 12 normalized by wall separation H. The particle pair has the longitudinal orientation with respect to the flow direction, the wall separation is H =2d, and sphere 1 is in the center position Z 1 =2a. The positions of sphere 2 are Z 2 = 1.02a ͑short-dashed line͒, Z 2 = 1.33a ͑long-dashed line͒, Z 2 = 2.0a ͑solid line͒.
053301-6
iterative solution method for Eq. ͑18͒ will result in a substantial reduction of numerical cost, allowing for dynamical simulations of strongly confined systems with ϳ10 3 particles. We are now working on this problem.
IV. RESULTS AND DISCUSSIONS
We now present some characteristic examples of singleand many-particle results. We consider both the motion of freely suspended particles in the external flow ͑1͒ and forces and torques on fixed particles subjected to this flow. The results for an isolated particle are obtained with the truncation at the multipolar order l max = 32, which yields accuracy better than 0.1%. For two-particle and multiparticle systems we use l max = 12 and l max = 8, respectively. The corresponding accuracy is of the order of 1%. The dynamical simulations described in Secs. IV C 3 and IV C 4 were performed with l = 2 for the larger and l = 4 for the smaller particle array.
A. Single particle system
Motion of a single particle in a parabolic flow between two planar walls was recently considered by Staben et al. 38 and by Jones 36 ͑see also much earlier results by Ganatos et al. 52 ͒. We thus give here only limited results for this system.
In Tables I and II we list a set of our highly accurate results for the linear and angular velocities ͑5͒ of a force-and torque-free particle in the parabolic flow ͑1͒. Fig. 2 except that particle 1 is in an off-center position Z 1 = 1.33a, and the positions of particle 2 are Z 2 = 1.02a ͑short-dashed line͒, We find that our results are in good agreement ͑up to three digits͒ with those reported in Ref. 38 for Z / a տ 1.01, where Z is the position of the particle center measured from the lower wall. For smaller gaps between the wall and the particle the discrepancies are about 1.5%. An exception is the rotational velocity in the tightest configuration reported in Ref. 38 ͑i.e., d / H = 0.95 and Z / a = 1.007͒, where the error is 11%. We expect that these discrepancies stem from inaccuracies of the boundary-integral calculations in Ref. 38 -the convergence tests we have performed indicate that the accuracy of our results is better than 0.05%. We also note that our results agree with those of Jones 36 and with our earlier results of a multiple-reflection method. Fig. 2 except that for the transverse orientation of the particle pair.
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͑36͒
In Figs Figs. 2-5 indicate that the dependence of the linear and rotational particle velocities on the interparticle distance is much more complicated in the wall-bounded system than in free space. This complex behavior stems from the competition between the tangential and normal lubrication forces and backflow effects associated with the velocity field scattered from the walls. For near-contact particle configurations
͑where ⑀ 12 = R 12 / d − 1 is the dimensionless gap between the particle surfaces, and R 12 = ͉R 1 − R 2 ͉͒ the particle dynamics is FIG. 5. Same as Fig. 3 except that for the transverse orientation of the particle pair.
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Hydrodynamic interactions of spherical particles Phys. Fluids 18, 053301 ͑2006͒ strongly influenced by the lubrication forces. The normal relative particle motion is arrested by the O͑⑀ 12 −1 ͒ normal lubrication force at the dimensionless gap ⑀ 12 of several percent. The relative tangential and rolling motions are opposed by much weaker O͑log ⑀ 12 ͒ lubrication forces. These motions are thus still quite substantial for ⑀ 12 Ϸ 10 −3 and vanish only for nonphysically small gaps.
A decrease in the relative tangential and rotational particle motion at small interparticle distances results in an increased overall dissipation, which may cause a decrease of the horizontal particle velocities even in symmetric particle configurations with Z 2 = Z 1 or Z 2 = H − Z 1 ͑cf. the results for Z 1 / H = Fig. 3͒ . We note that a pair of touching particles in a transverse configuration ͑Figs. 4 and 5͒ does not move, in general, as a rigid body, because there is no lubrication resistance to the relative particle rotation around the axis connecting their centers.
In some cases the normal and tangential lubrication forces have an opposite effect on a given velocity component. This produces sharp kinks in some curves at nearcontact positions ͑e.g., U 1z and U 2z for Z 2 = 2.67a in Fig. 3͒ . An additional change of sign of particle velocities relative to the velocities at infinite interparticle separations 12 → ϱ may occur due to a backflow associated with scattering of the flow from the walls. Due to a combination of the lubrication and backflow effects, the z component of the particle velocities changes sign twice for some longitudinal configurations.
We note that these sign changes have a significant effect on trajectories of hydrodynamically interacting particle pairs in Poiseuille flow: depending on the sign of the z component of the relative particle velocity during a binary hydrodynamic collision, the particles can either return to their initial vertical positions or swap their configurations after the interaction is completed. Such position swapping leads to a previously unrecognized mixing mechanism in channel flow of a dilute suspension, as shown in our forthcoming publication.
b. Far-field region. As discussed in Sec. III E, for large lateral interparticle distances, the hydrodynamic interactions in a wall-bounded system are determined by the far-field form of the disturbance flow scattered from the particles. The scattered flow has the Hele-Shaw form described by Eqs. ͑30͒ and ͑31͒. We recall that the asymptotic form of the flow field is approached exponentially on the lengthscale H.
Taking into account the symmetry of the problem we find that the far-field disturbance velocity produced by a particle in external flow ͑1͒ is given by Eq. ͑30͒ with the pressure of the form
where is the polar angle between the lateral position vector and the flow direction ê x . To the leading order in the multiple scattering expansion, relations ͑30͒ and ͑38͒ determine thus the far-field form of the hydrodynamic resistance and mobility functions for a pair of particles in the external parabolic flow.
In has only lateral components. It follows that the z components of the translational and rotational particle velocities ͑5͒ vanish in the far-field regime. This behavior is clearly seen in Figs. 2-5, where these velocity components approach zero exponentially.
Next, the disturbance field ͑30͒ with the pressure given by Eq. ͑38͒ behaves as 
͑41͒
in the presence of a single wall ͑where we assume that Z 1 , Z 2 Ӷ ͒. According to Eqs. ͑39͒-͑41͒, the decay of the far-field flow in the presence of one or two walls is faster than the corresponding decay in free space, because the walls absorb momentum, and thus they slow the fluid down. On the other hand, the decay of the flow field ͑39͒ in the two-wall system is slower than the decay ͑41͒ in the presence of a single wall. This behavior stems from fluid-volume conservation constraint. In the system confined by a single wall the fluid displaced by the particle primarily flows above the particle, far from the wall, where it encounters small resistance. In contrast, in the presence of two walls, the flow is limited to the quasi-two-dimensional region; hence, it has a longer range.
Since the total flux associated with the quasi-twodimensional flow ͑39͒ vanishes for → ϱ, the fluid velocity must form a backflow pattern, unlike the behavior in the unbounded three-dimensional space. The backflow, described by the dipolar velocity field ͑30͒ and ͑38͒, results in an enhancement of relative particle motion for the transverse orientation of the particle pair ͑as seen for some particle configurations in the top panels of Figs. 4 and 5͒. We note that an analogous behavior was discussed by Cui et al. 25 in their study of pair diffusion in a confined, quasi-twodimensional colloidal suspension. Similar effect was also independently described in our recent papers.
34,35

Crossover behavior
The far-field disturbance flow, discussed above, affects not only the velocities of freely suspended particles, but also the hydrodynamic resistance force ͑3͒ acting on immobile particles in the external flow ͑1͒. Figures 6 and 7 illustrate the crossover of the resistance force between the three regimes corresponding to the disturbance flows of the form given by Eqs. ͑39͒-͑41͒. To emphasize the behavior of the force in the far-field regime, the results are shown for the x component, ␦F ix , of the rescaled force perturbation
with F st =3d denoting the Stokes resistance force, and F i ϱ representing the value of the force F i for 12 → ϱ. In Figs. 6 and 7 force perturbation ␦F ix is plotted versus the lateral particle separation 12 for two particles at the same vertical position Z 1 = Z 2 . In one configuration, the particles are at the center plane
and in the other one they are close to the lower wall,
The results are shown for several different wall separations. Since the particles are at the same vertical position, the force ␦F x ϵ ␦F ix is independent of the particle index i. Figure 6 represents the results for the longitudinal orientation of the particle pair, 12 = 12 ê x , and Fig. 7 the results for the trans- For finite wall separations the force perturbation crosses over from the above-described free space behavior in the regime a Ӷ 12 Ӷ H to the behavior ␦F x = O͑ 12 −2 ͒ ͑i.e., ␦F x ϳ const͒ for 12 ӷ H, in agreement with Eq. ͑39͒. Typically, the far-field behavior O͑ 12 −2 ͒ is observed already for 12 տ 2H.
C. Multiparticle systems
In this section we examine the influence of the walls on the hydrodynamic interactions in confined multiparticle systems. We focus on collective phenomena that involve cumulative effects of the far-field flow ͑39͒. As shown in our recent studies of particle motion in quiescent fluid, 34, 35, 37 the backflow associated with the dipolar form ͑30͒ and ͑38͒ of the far-field velocity may produce a strong, positive feedback resulting in large magnitudes of induced forces. In such cases the far-field flow dominates the behavior of the system. Below we examine similar phenomena for particles in the imposed parabolic flow.
Motion of linear arrays of spheres
First we analyze the effect of confinement on the motion of rigid linear arrays of touching spheres. In earlier papers, 34, 35, 37 we have shown that the behavior of such arrays in quiescent fluid is strongly affected by the walls. In particular, we have demonstrated that the hydrodynamic resis- 
053301-12
Bhattacharya, Bławzdziewicz, and Wajnryb Phys. Fluids 18, 053301 ͑2006͒ tance force in channels with H Ϸ d depends significantly on the orientation of the array with respect to its velocity ͑unlike the corresponding behavior in free space͒. If the orientation of the array, moving along the channel, is parallel to the velocity, the resistance force evaluated per one sphere decreases with the length of the array. In contrast, for the transverse orientation the resistance force per particle increases nearly linearly with the array length. This increase results from the pressure buildup associated with the positivefeedback backflow effects. The motion of linear arrays of spheres in the imposed parabolic flow ͑1͒ is illustrated in Figs. 8 and 9 . The arrays are parallel to the walls and are oriented either in the longitudinal direction x or the transverse direction y. The results in Fig. 8 indicate that the normalized velocity of an array U x / U p is smaller in channels with smaller width. This behavior stems primarily from the increased dissipation in the gaps between the particles and the channel walls. The decrease of the mobility is strongest for long arrays in longitudinal orientation-the far-field disturbance flow pro- FIG. 10 . Hydrodynamic drag forces on a single sphere and on individual particles in linear and hexagonal arrays of spheres adsorbed on a wall in a channel with the width H ͑as labeled͒. The spheres are depicted by solid circles. The lateral forces are represented by the line segments, and the normal forces by dashed ͑force away from the wall͒ or dotted ͑towards the wall͒ circles. A line segment ͑circle͒ of the length ͑radius͒ equal to the particle radius a represents a force of magnitude 6a 0 , where 0 is the local fluid velocity ͑46͒. Fig. 10 , except that the results are for the hydrodynamic torque. A line segment ͑circle͒ of the length ͑radius͒ equal to the particle radius a represents a torque of magnitude 4a 2 0 .
FIG. 11. Same as
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Hydrodynamic interactions of spherical particles Phys. Fluids 18, 053301 ͑2006͒ duced by each of the particles opposes the motion of the array in this case. For the transverse orientation, the scattered flow acts in the direction of the external flow; due to the cooperative feedback effects longer arrays move faster than the shorter ones. In narrow channels with H Ϸ d, very long chains in transverse orientation translate with the velocity that is close to the average velocity of the unperturbed fluid. A set of results for short ͑N =3͒ and a long ͑N =20͒ linear arrays at off-center positions in channels with different width is presented in Fig. 9 . The configurations are parameterized by the normalized distances of the particle surfaces from the lower and upper walls,
The translational and rotational velocities are shown for arrays at two vertical positions ⑀ L = 0.001 and ⑀ L = 0.1, and they are plotted versus the distance ⑀ U . The results in the upper panels of Fig. 9 indicate that the translational velocity of an array at a fixed distance from the lower wall diminishes rapidly with the decreasing ⑀ U Ӷ ⑀ L due to the O͑log ⑀ U ͒ lubrication resistance associated with the interaction with the upper wall. In the case of the longitudinal orientation of the chain, the translational and rotational velocities saturate at ⑀ U Ϸ 1. In contrast, for the transverse orientation, the effect of the upper wall on the translational velocity of the array has a much longer range, especially for the larger value of the chain length N. Moreover, the effect of the upper wall is more pronounced for ⑀ L = 0.001 than for ⑀ = 0.1. These observations are consistent with the backflow mechanisms discussed above.
Lower panels of Fig. 9 represent the normalized angular velocity ⍀ y / ␥ 0 of the arrays. We note that the angular velocity itself changes sign for ⑀ L = ⑀ U ; however, the normalized quantities shown in Fig. 9 are positive, due to the corresponding change of sign of the local shear rate ͑47͒. For the longitudinal orientation of the chain the angular velocity is several orders of magnitude smaller than the angular velocity in the transverse case. This strong effect can easily be explained in terms of particle-wall lubrication forces. The rotation of the chain oriented perpendicularly to the flow is governed by the O͑log ⑀ L ͒ lubrication resistance. The rotation of the chain oriented parallel to the flow involves motion of individual particles towards the wall and away from it, and thus the lubrication forces are much stronger O͑⑀ L −1 ͒.
Hydrodynamic forces on adsorbed particles
In Figs. 10-12 the results are presented for the hydrodynamic friction forces and torques on individual particles in arrays of spheres adsorbed on one of the walls in a parallelwall channel. Understanding of such forces is important, e.g., in an analysis of particle removal from a wall by an applied flow [54] [55] [56] [57] and in studies of rolling motion of leukocytes adherent to a wall. [11] [12] [13] [14] Moreover, our results provide a further illustration of hydrodynamic phenomena associated with the far-field form of the disturbance velocity field produced by the particles. Figures 10 and 11 show forces and torques acting on individual particles in closely packed arrays of touching spheres. Arrays that are loosely packed are considered in Fig.  12 . The results are given for a single sphere, linear arrays of spheres, and hexagonal arrays of spheres. The lateral components of the forces and torques are represented by line segments and the normal components by the dashed ͑orientation away from the wall͒ and dotted ͑towards the wall͒ circles. The forces are scaled by a 0 and the torques by a 2 0 , where 0 is the local fluid velocity ͑46͒. The lengths of the line segments and the radii of the circles are proportional to the magnitude of the represented quantity.
The results presented in Fig. 10 indicate that the lateral drag force on a single particle only weakly depends on the channel width, while the forces on particles in linear arrays vary almost by a factor of 5 when the wall separation H changes from 2.02a to infinity. Similarly strong dependence of the forces on the channel width is observed for the twodimensional arrays of spheres.
The hydrodynamic drag forces are the largest for linear arrays of spheres in narrow channels of the width only slightly bigger than the particle diameter ͑cf. the top panel of Fig. 10͒ . The large forces are associated with the pressure buildup in front of the array. 37 As explained in Sec. IV C 1, the pressure buildup involves interaction of the flow with both walls in an essentially nonadditive manner. Thus, as shown in Ref. 34 , this effect is not captured by the usual approximation based on a superposition of two single-wall contributions.
The results for two-dimensional arrays of spheres involve significant screening effects resulting from mutual particle interactions. Accordingly, the lateral forces acting on individual spheres in two-dimensional arrays are smaller than in the corresponding linear-array systems. The forces on the first and last row of particles are larger than the forces on particles near the center of the array. This effect is most pronounced for large wall separations H-in narrow channels the relative force differences are smaller due to the quasi-two-dimensional character of the flow.
Our results for the normal forces indicate that their magnitude is much smaller than the magnitude of the lateral forces. Indeed, the only significant normal forces exist on the first and last rows of particles in two-dimensional arrays. The maximal value of these forces occurs for H Ϸ 4a. When the channel width is smaller, the upper wall suppresses the vertical flow. On the other hand, when the gap between the top wall and the spheres is too large, the volume of fluid deflected by the array is distributed over the larger space, and the vertical flow becomes weaker. We note that there are no normal forces on particles in linear arrays because of the flow-reversal symmetry.
The behavior of the torque exerted on the particles by the fluid is illustrated in Fig. 11 . Characteristic features of the torque distribution can be explained using arguments similar to the ones given above. For example, the lateral torques are the largest for H Ϸ 4a, for the same reason as the corresponding behavior of the normal force. Our results indicate that the normal component of the torque is significant only for particles at the edges of the arrays, especially for small values of H. Figure 12 shows plots of forces on the spheres in loosely packed arrays of spheres. For linear arrays, the lateral forces are relatively small even for H Ϸ 2a because the flow can pass through the interparticle gaps without building up a substantial pressure drop. Moreover, the forces on particles in different positions in such arrays are of approximately equal magnitude. For the two-dimensional loosely packed arrays the lateral forces are larger than for the closely packed case, which indicates that the screening effects are smaller. 
Hydrodynamic interactions between suspended and adsorbed particles
Collective nature of the far-field hydrodynamic interactions between adsorbed particles is reflected in trajectories of freely suspended spheres in the presence of adsorbed particle arrays. An example of a system where subtle, collective backflow effects qualitatively influence particle motion is presented in Fig. 13 .
The figure shows three trajectories for a particle moving towards a closely packed array of spheres in a highly confined system ͑wall separation H = 1.1d͒. At the center of the array, there is a particle-free channel with two outlets that can be blocked by additional adsorbed particles. The three trajectories presented in the figure correspond to the same initial position of the mobile particle, but different configurations of the particles blocking the outlets.
When both outlets are blocked, the flowing particle does not enter the channel, and it moves around the particle array ͑it is pushed aside by the reflected flow͒. If at least one of the outlets is unblocked, the reflected flow is reversed near the channel inlet. Thus, the suspended particle is pulled into the channel and moves through the middle of the array. If both outlets are unblocked, the particle leaves the array through the outlet in the upper part of the figure, because of the asymmetric position of the starting point. If only one outlet is unblocked, the particle moves towards the open branch, due to the asymmetry of the flow reflected from the adsorbed array.
This example shows that the velocity field in a confined particulate system may involve complex, long-range collective hydrodynamic-interaction effects, especially at high particle volume fractions. The far-field disturbance flow may be significant, and it is sensitive to fine geometrical details, such as the connectivity of the void regions in an adsorbed array.
Collective effects associated with the far-field multiparticle hydrodynamic interactions are less important at lower area fractions of the adsorbed particles and for larger wall separations H. However, even for a small, loosely packed array represented in Fig. 14 , the long-range hydrodynamic perturbation field is significant up to several particle diameters from the array ͑as indicated by the shape of particle trajectories͒.
We note that the "missing" particle in the array represented in Fig. 14 has only a short-range influence on the trajectories, owing to the hydrodynamic screening and lack of connectivity in the void region. The trajectories passing near the free site in the array are somewhat deflected, but the suspended particle does not enter the void in the array. This behavior indicates that it may be difficult to introduce a new particle into an adsorbed array ͑e.g., on a chemically patterned surface͒ by hydrodynamic manipulation alone. Brownian motion and gravity or other nonhydrodynamic forces may be needed to aid the process.
All trajectories shown in Figs. 13 and 14 were evaluated for a particle that interacts with the adsorbed spheres and the walls via a short-range repulsive potential. The interparticle potential range r 0 = ͑1+␦͒d was set to ␦ =10 −4 . The corresponding range of the wall-particle potential is r 1 = ͑1+␦͒a.
We used these repulsive potentials in our calculations because, otherwise, the gaps between particle surfaces become unphysically small. More accurate models of the short-range particle-particle and particle-wall mechanical interactions are also available ͑see, e.g., Ref. 58 and references therein͒.
Dynamic resuspension forces
A moving particle exerts hydrodynamic and mechanical forces on the particles adsorbed on the wall. These forces are important because they may resuspend an adsorbed particle, even if the hydrodynamic drag due to the external flow ͑as discussed in Sec. IV C 2͒ has insufficient amplitude to cause particle unbinding. Figure 15 illustrates the behavior of such resuspension forces acting on the three marked particles in Fig. 14 The results in Fig. 15 indicate that both the lateral and normal forces undergo significant changes when the flowing particle moves past an adsorbed particle. The changes are especially profound for the normal force-in each of the three cases discussed, the magnitude of this force component increases by more than a factor of five, compared to the value in the absence of the moving particle.
The forces f ʈ and f z consist of the hydrodynamic component and the potential contribution associated with the repulsion between the suspended and adsorbed particles. The results in Fig. 15 were obtained for the potential range ␦ =10 −4 . A typical dependence of the forces on ␦ is illustrated in Fig. 16 .
V. CONCLUSIONS
We have used our recent Cartesian-representation algorithm to study hydrodynamic interactions of spherical particles in a parabolic flow between two parallel planar walls. An important feature of our method is that at each multipolar-approximation level the boundary conditions at the walls are exactly satisfied. This ensures that the far-field flow produced by the particles has a correct form of a twodimensional Hele-Shaw lubrication velocity field. Our analysis indicates that the far-field flow and the associated backflow effects strongly affect hydrodynamic interactions in confined multiparticle systems.
We have presented a set of numerical results for a single particle, a pair of particles, and arrays of many particles. Our one-particle calculations agree well with earlier results. 36, 38, 53 For very tight configurations with small gaps between the particle surface and the walls we provide more accurate results than those reported previously. 38 For two-particle and multiparticle systems no accurate data have previously been reported.
Our numerical calculations reveal that the pair and multiparticle hydrodynamic interactions in the wall-bounded system are much more complex than the interactions in free space. In particular, the sign of mutual friction and mobility functions depends on the relative particle position in the flow-vorticity plane ͑unlike the corresponding behavior in free space͒. The changes of sign result from combined effects of the short-range dissipation in the near-contact regions and backflow due to the confinement. Related backflow phenomena were recently observed in quasi-twodimensional suspensions of Brownian particles. 25 For elongated particles in narrow slit pores, such backflow results in a strongly non-isotropic diffusion constant. 34, 35, 37, 59 The far-field flow also determines the fluid velocity distribution and the hydrodynamic drag forces in twodimensional arrays of particles adsorbed on a wall. Our results indicate that in narrow channels with the width H similar to the particle diameter d the hydrodynamic forces act mostly in the lateral direction. Normal forces, which may cause particle resuspension, are maximal in channels with H Ϸ 2d. The magnitude of these forces is greatly influenced by the presence of suspended particles.
Our simulations of particle trajectories and the analysis of the hydrodynamic forces acting on particles adsorbed on a wall will be useful for further research of particle deposition on a solid surface and the particle unbinding and resuspension phenomena. In the environmental studies, for example, such processes are investigated to describe the transport of colloids in soil or sand. 
APPENDIX B: TRANSFORMATION BETWEEN THE HELE-SHAW AND SPHERICAL BASIS SETS
In this appendix we list some relations between the Hele-Shaw basis of asymptotic far-field flows ͑A1͒ and the multipolar spherical basis fields defined in Ref. 40 
͑B7͒
The range =0,1,2 of the index = l − ͉m͉ in Eq. ͑B6͒ results from the conditions ͉m͉ ഛ l and ͑B4͒.
APPENDIX C: PROJECTION MATRIX Y
Relation ͑22͒ is derived by inserting expansion ͑17͒ of the external flow ͑1͒ into Eqs. ͑141͒ and ͑145͒ in Ref. 34 . Comparing Eqs. ͑3͒ and ͑22͒ to the resulting formula we conclude that the matrix Y j ͑lm ͉ p͒ is determined by the expansion 
͑C4͒
All other elements of Y j vanish by Eq. ͑B4͒. where ͑k , ͒ are the polar coordinates of the vector k. In the above expression 
The three independent scalar coefficients in Eqs. 
͑D6͒
For planar interfaces with other boundary conditions ͑e.g., a surfactant-covered fluid-fluid interface discussed in Ref. 62͒ the scattering matrix is different from identity, and it may depend on the magnitude of the wave vector k. Explicit expressions for scattering matrices for such systems will be presented elsewhere.
